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For a prime number l, let h`
l
be the class number of the maximal real subfield of the
l-th cyclotomic field. For each natural number N, it is plausible but not yet proved
that there exist infinitely many prime numbers l with h`
l
’N. We prove an analogous
assertion for cyclotomic function fields. ( 1998 Academic Press1. INTRODUCTION
For a prime number l, let h`
l
denote the class number of the maximal real
subfield Q (k
l
)` of the l-th cyclotomic field Q(k
l
). We have h`
l
"1 for small
l (cf. van der Linden [12]). On the other hand, we have (finitely) many
examples of l with ‘‘large’’ h`
l
(cf. Washington [18, p. 230, pp. 420—423]).
These were obtained by (1) considering subfields of Q(k
l
)`, of degree 2, 3, 6, or
5 with large class numbers (cf. [1], [9], [2], [17], etc.), and (2) the recent study
of Schoof on how to calculate h`
l
. From these examples, it is natural to ask:
‘‘For any N51, do there exist infinitely many primes l with h`
l
’N?’’
This is not yet proved to be true for any N, though it seems quite plausible.
For details on this question, see Remark 5 at the end of Section 4.
The purpose of this note is to prove that an analogous question for
cyclotomic function fields has an affirmative answer. Before stating our
result, we recall some standard notation, which is found in any literature on
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q
the finite field of cardinality q. Let „ be a fixed indeterminate and R
T
the
prime divisor of the rational function field k"F
q
(„) corresponding to the
pole of „. For an irreducible monic P"P(„) in R"F
q
[„], denote by k ("P)
and k ("P)` the P-th cyclotomic function field and its maximal real subfield,
respectively. Here, "P is the group of P-torsion points of the Carlitz
R-module kM , kM being an algebraic closure of k. These fields are analogues of
Q(k
l
) and Q (k
l
)`. As in the classical case, our target k("P)` is characterized
as the maximal abelian extension of k in which (i) the primes outside P are
unramified, (ii) the prime P is tamely ramified and (iii) the prime R
T
splits
completely (cf. Hayes [10]). Here, we denote also by P the prime divisor of
k corresponding to the zeros of P. For a finite separable extension ‚/k, let
O
T,L
be the integral closure of R in ‚ and Cl
T
(‚) the ideal class group of the
Dedekind domain O
T,L
. For ‚"k ("P)`, we write Cl`T,P in place of ClT (‚)
for brevity, and put h`
T,P
"DCl`
T,P
D .
Our main result is the following:
THEOREM. Assume that qO2, and let d be a divisor of q!1 with d’1.
„hen, for any natural number N’1 with (N, pd)"1, there exist infinitely
many irreducible monics P in R for which Cl`
T,P
contains a subgroup isomorphic
to (Z/NZ)= (d~1).
COROLLARY. Assume that qO2. „hen, for any natural number N, there
exist infinitely many irreducible monics P in R with h`
T,P
’N.
We prove the Theorem in Section 4 after some preliminaries in Sections 2,
3, by constructing irreducible monics P for which k("P)` has a subfield with
large ideal class group.
Remark 1. Let the notation be as in the Theorem. The condition qO2 is
necessary because we need the existence of nontrivial roots of unity in F
q
for
our arguments. We impose the condition (N, d)"1 for a technical reason.
The condition pPN is essential in our argument (see Remark 2(IV)).
2. DIVISOR CLASS GROUPS OF DEGREE ZERO
For an algebraic function field ‚ of one variable over a finite constant field,
let Cl(‚) be its divisor class group of degree zero. A relation between Cl(‚)
and C‚
T
(‚) is given in Schmidt [16] and Rosen [14]. In a special case, it is
given as follows. For a prime number l, a natural number e and a finite
abelian group A, let R
le
(A) be the le-rank of A; namely, it is the dimension of
the F
l
-vector space le~1A/leA.
LEMMA 1 (cf. [16, p. 32], [14, Proposition 1]). ‚et ‚ be a finite separable
extension over k of degree n. Assume that R
T
splits completely in ‚, and let R
i
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T
. „hen, we have an exact
sequence
0PS[R
i
!R
j
] D iOjTPCl(‚)PCl
T
(‚)P0.
Here, [ * ] denotes the class represented by * . In particular, if Rle
(Cl(‚))5n@
(and n@5n), then R
le
(Cl
T
(‚))5n@!(n!1).
Let q, d(’1) be as in the Theorem and f"f („) a polynomial in R. The
extension k ( f 1@d) over k is cyclic of degree dividing d as F
q
contains a primi-
tive d-th root of unity. Further, R
T
splits completely in this extension if and
only if deg( f ),0 mod d and the leading coefficient of f lies in (Fx
q
)d. There-
fore, for an irreducible monic P in R with deg(P),0 mod d, k(P1@d) is
a subfield of k("P)` by the characterization (i)—(iii) of the abelian extension
k("P)`/k, which was mentioned in Section 1. On the divisor class groups of
degree zero of this type of subfields, the following assertions hold, from one of
which the Theorem follows.
PROPOSITION 1. ‚et q and d be as in the „heorem. „hen, for any natural
number N’1 with (N, pd)"1, there exist infinitely many irreducible monics
P in R such that deg(P),0 mod d and Cl(k (P1@d)) contains a subgroup
isomorphic to (Z/NZ)= (2d~2).
PROPOSITION 2. ‚et q and d (’1) be as in the „heorem. …e further assume
that d(p (and hence pO2). „hen, there exist infinitely many irreducible
monics P in R such that deg(P),0 mod d and Cl(k (P1@d)) contains a subgroup
isomorphic to (Z/pZ)= (d~1).
Proof of the „heorem from Proposition 1. Let q, d, N and P be as in
Proposition 1. By Proposition 1 and Lemma 1, we see that Cl
T
(k (P1@d))
contains a subgroup isomorphic to (Z/NZ)= (d~1). Since P is totally ramified
in k("P) /`k, we see that the norm map from Cl`T,P to ClT (k(P1@d)) is surjective
by class field theory (cf. Rosen [15, Proposition 2.2]). From this, the Theorem
follows. j
Remark 2. (I) The additional assumption on d (d(p) in Proposition 2 is
not so essential as is seen in its proof. (II) Let hP`"DCl(k("P)`) D . It follows
from Proposition 2 that p DhP` for infinitely many irreducible monics P (when
pO2). However, this fact is already known by a different method, which we
briefly explain in the below. (III) We put
h~P"DCl(k("P)) D /hP` and h~T,P"DClT (k("P)) D /h`T,P .
It is known that h~P and h~T,P
are integers and that the p-parts of these integers
are equal (cf. Goss [7, p. 379]). We have a Kummer-Herbrand-Ribet type
criterion for p Dh~P (resp. p DhP` ) in terms of the ‘‘Bernoulli-Goss polynomials’’
(cf. [7, Theorems 3.4 and 4.2], Goss and Sinnott [8, Theorem 2.7]). Using this,
170 HUMIO ICHIMURAit is known that p Dh~P (resp. p DhP` ) for infinitely many irreducible monics
P when qO2 (resp. for any q) by some computation on those polynomials (cf.
[7, Theorem 3.6], Feng [3]). (IV) On the p-part of h`
T,P
, Proposition 2 (and
Lemma 1) gives no information (in a direct way as in the proof of the
Theorem). However, there are some examples of q and P with p Dh`
T,P
, which
are found in [7, p. 383] and Gekeler [6, p. 126].
3. RAMIFICATIONS AND CLASS GROUPS
Let K be an algebraic function field of one variable with its constant field F
q
and ‚/K a finite separable extension without constant field extension. For
a prime number l and a natural number e, denote by o
le
(‚/K) the number of
prime divisors of K for which each of the ramification indices in ‚ is divisible
by le. Under the above setting, the following holds.
LEMMA 2. Assume that the extension ‚/K contains no constant field exten-
sion. …hen lOp and ‚ )F1
q
/K )F1
q
is a cyclic extension, we have
R
le
(Cl(‚))5ole (‚/K)!d
with d"2. Here, F1
q
is an algebraic closure of F
q
. …hen l"p, the above
inequality holds with d"1 (without the cyclicity assumption).
Remark 3. When e"1, Madan [13, Theorem 2] gave a similar inequality
for R
l
(Cl(‚)) without the cyclicity assumption. Lemma 2 is essentially con-
tained in the proof of [13, Theorem 2], and can be easily proved by slightly
changing the arguments in [13]. So, we briefly sketch how to change it. Let
L/K be the Galois closure of ‚/K with its constant field F(MF
q
) and
G"Gal(L/K). Let PL , PL and PK the groups of principal divisors of the
respective function fields. We regard P
K
and P
L
as subgroups of PL in the
obvious way. Denote by PGL the elements of PL fixed by G, and put
PG‚"PLWPGL . In general, PGL/PK is a finite group of order dividing [‚ :K] (cf.
[13, Lemma 2]), which is one of the points in [13]. Let m"DFx D , and
‚@(L‚ )F) the maximal Kummer extension over K )F which is of exponent
m and contained in ‚ )F. In [13, pp. 122—123], Madan gave an injection
PG
L
/P
K
PHom(Gal(‚@/K )F), k
m
),
from which [13, Lemma 2] follows. Here, k
m
"Fx is the group of m-th roots
of unity in L. From this injection, we see that PG
L
/P
K
is cyclic if the extension
‚ )F1
q
/K ) F1
q
is cyclic and that the p-part of PG
L
/P
K
is trivial as pPm. By using
this, we obtain Lemma 2 by an argument quite similar to the proof of [13,
Theorem 2, (p. 124)].
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Let q, d be as in the Theorem, and N a natural number with pPN. For
a while, we assume neither (N, d)"1 nor d(p. Let f"f („)3R be a monic
satisfying
(a) deg( f ),0 mod d and (b) f (0)3(Fx
q
)d.
Put P
1
(„)"f („N) and P
2
(„)"f („p!„). Let l be a prime number dividing
N and e"ord
l
N. We prove the following:
LEMMA 3. ”nder the above setting, we have
R
le
(Cl(k(P1@d
1
)))52d!2 (resp. R
p
(Cl(k(P1@d
2
)))5d!1),
if k(P1@d
1
) (resp. k (P1@d
2
)) is of degree d over k.
Proof. We put ‚
i
"k (P1@d
i
) (i"1, 2). Let X
1
"„N, X
2
"„p!„, and
‰
i
"P1@d
i
. Then, ‰d
i
"f (X
i
) and
‚
1
"F
q
(X1@N
1
, ‰
1
), ‚
2
"F
q
(X1@p
2
, ‰
2
),
where x1@p denotes a root of the equation Zp!Z"x in kM . We put
K
i
"F
q
(X
i
, ‰
i
). We shall apply Lemma 2 for the extension ‚
i
/K
i
, which
clearly satisfies its assumption(s).
Denote by 0
i
(resp. R
i
) the prime divisor of F
q
(X
i
) corresponding to the
zero (resp. the pole) of X
i
. By the assumptions (a) and (b), we may write
deg( f )"md and f (0)"ad for some m3Z and a3Fx
q
. Hence, we have
‰d
i
"f (X
i
),ad mod X
i
F
q
[X
i
], (‰
i
/Xm
i
)d,1 mod 1
X
i
F
q C
1
X
i
D .
We see that the extension K
i
/F
q
(X
i
) is cyclic of degree d since [‚
i
: k]"d. By
the above congruences, the primes 0
i
and R
i
of F
q
(X
i
) split completely in this
extension. In the extension F
q
(X1@N
1
)/F
q
(X
1
), 0
1
and R
1
are totally ramified.
Therefore, from the above, in the extension ‚
1
/K
1
of degree N, 2d primes of
K
1
are totally ramified. In the Artin—Schreier extension F
q
(X1@p
2
)/F
q
(X
2
),
R
2
is totally ramified and the other primes are unramified. Therefore, in the
extension ‚
2
/K
2
of degree p, (exactly) d primes are totally ramified. The
assertion follows from these ramification data for ‚
i
/K
i
and Lemma 2. j
Remark 4. When l is a prime number dividing q!1, Feng [4] gave
another type of criteria for l Dh (‚) (resp. l Dh
T
(‚)) for certain real cyclic
extensions ‚/k, where h (‚)"DCl(‚) D and h
T
(‚)"DCL
T
(‚) D. Using these, he
172 HUMIO ICHIMURAgot some examples of (q, l, ‚) with l Dh (‚) (resp. l Dh
T
(‚)). His criteria were
obtained by using the ‘‘cyclotomic units’’ of Galovich and Rosen [5].
Proof of Proposition 1. Let q, d be as in the Theorem and N a fixed natural
number with (N, pd)"1. It suffices to show that for this N, there exists (at
least) one irreducible monic P („) satisfying the conditions of Proposition 1.
Actually, the existence of infinitely many such P(„) follows from the same
assertions for multiples N@ of N with (N@, pd)"1. Therefore, by Lemma 3, it
suffices to show the existence of a monic f („)3R satisfying (a), (b) and
(c) P(„)"f („N) is irreducible.
When 4PN (resp. 4 D N), we put N
0
"<l DNl (resp. 4<@l DNl) where l runs over
the primes (resp. the odd primes) dividing N. Let m be the order of qd mod N
0
in (Z/N
0
Z)x, and put Q"qmd. Clearly, we have Q,1 mod dN
0
(as d Dq!1).
Let m be a generator of the cyclic group Fx
Q
and f"md. Then, we have
CLAIM. F
Q
"F
q
(f).
Actually. Assume that F
Q
OF
q
(f). We see that [F
Q
:F
q
(f)] divides d be-
cause f"md and F
q
contains a primitive d-th root of unity. Therefore, by the
assumption, F
q
(f)"F
qms
for some divisor s of d with s(d, and hence the order
of f divides qms!1. On the other hand, the order of f equals (qmd!1)/d as
m generates Fx
Q
. Hence, we get qmd!14d (qms!1). From this, we easily
obtain (q4)qm (d~s)(d. This contradicts d Dq!1, and we obtain the Claim.
Let f („) be the minimal polynomial of f over F
q
. By the Claim, it satisfies
(a). It also satisfies (b) since
f (0)"(!1)$%'(f) )NF
Q
/F
q
f3(Fx
q
)d
by the Claim and f"md. We have fN (Fx
Q
)l for any prime l with l DN because
m generates Fx
Q
, Q,1 mod N
0
and (N, d)"1. Therefore, we see that g"f1@N
is of degree N over F
Q
. Here, we have used Q,1 mod 4 when 4 DN. From this
and the Claim, we get [F
q
(g) :F
q
]"N ) deg( f ). Therefore, P („)"f („N) must
be the minimal polynomial of g over F
q
, and hence is irreducible. j
Proof of Proposition 2. Let p, q and d be as in Proposition 2. By Lemma 3,
it suffices to show for any (sufficiently large) natural number e, the existence of
a monic f („) in R satisfying (b)
(a@) deg( f )"de, and (c) P („)"f („p!„) is irreducible.
Put Q"qde and q
r
"qde@r for a prime divisor r of d. Denote by Fp
Q
the elements
of F
Q
of the form xp!x (x3F
Q
). Consider a subset X of F
Q
defined by
X"(Fx
Q
)dCAZ
r
F
qr
XFp
QB,
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X is nonempty because
DX D5(Q!1)/d!+
r
q
r
!Q/p5c ) qde!d ) qde@2!1/d
with c"(p!d)/pd’0. Let f („) be the minimal polynomial of an element of
X over F
q
. We easily see that f („) satisfies (a@), (b) and (c) from the definition
of X. j
Remark 5. Let us return to the original problem on the class number
h`
l
of the real l-th cyclotomic field Q(k
l
)`. We have a classical sufficient
condition for h`
l
’1 corresponding to (but weaker than) Lemma 3. Namely,
if a prime number l is of the form 4m2#1 with m a composite, then the class
number h (Q(Jl)) of Q (Jl) is larger than one, and hence h`
l
’1 (cf. Ankeny,
Chowla and Hasse [1]). In [9], Hasse gave sharper lower bounds for
h(Q(Jl)) and hence for h`
l
for those primes l given by similar quadratics
(in m).
However, in contrast to the function field case, it seems difficult to prove
that there are infinitely many primes l satisfying the above sufficient condi-
tion(s). At present, the best result along this line seems to be that of Iwaniec
[11]. He proved that for an irreducible quadratic f (X)"aX2#bX#c with
a’0 and 2Pc, there exist infinitely many integers m such that f (m) has at
most two prime factors.
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